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��** 4L_i* |�i t�|�@|�L? @?_ t�L� |�@| |�ihi i �t|t @? i^��*�Mh��4 �? 4� i_
t|h@|i}�it @?_ |�@| i TiU|i_ �?_�t|h) ThL�|t @hi TLt�|��i uLh @?) ?�4Mih Lu
�h4t� �LhiL�ihc ?L| L?*) _L i TiU|i_ ThL�|t h�ti ��|� ti**ih UL?Ui?|h@|�L?c
M�| |�i 4L_i* _Lit hi@tL?@M*) �i** �? i T*@�?�?} |�i i4T�h�U@* hit�*|t Lu
�hit?@�@? @?_ +i�tt E�bb�� L? �L� �?_�t|h) ThL�|t �?Uhi@ti�

A�i 4L_i* @**L�t uLh @ ?�4Mih Lu �?|ihThi|@|�L?t� 6�ht|c �?Uih|@�?|)
@ML�| |�i i �t|i?Ui Lu UL4Ti|�|Lht 4@) @h�ti uhL4 �?Uih|@�?|) L? |�i _i�
4@?_ t�_ic ��|� hitTiU| |L UL?t�4ih �?uLh4@|�L?� W| 4@) Mi �?U*i@h ��i|�ih
UL?t�4iht hi}@h_ h��@* UL44L_�|�it @t TihuiU| t�Mt|�|�|itc UL?t�4ih ti@hU�
ULt|t 4@) Mi �?Uih|@�? uhL4 |�i �h4<t TihtTiU|��ic Lh UL?t�4iht 4@) �@h) �?
|�i�h tLT��t|�U@|�L?� , @4T*it Lu |��t h@?}i uhL4 }hLUih) t�LTT�?} |L M�)�?}
U*L|��?} uhL4 4@�* Lh_ih UL4T@?�it _iTi?_�?} L? ��@| U@|@*L}t �@�i Mii?
hiUi��i_ |L M�)�?} Miiht |�@| |L tL4i UL?t�4iht @** |@t|i @*�!i M�| |L L|�ih
UL?t�4iht _L ?L|� �?) Lu |�iti |��?}t 4�}�| hit�*| �? @ }��i? UL?t�4ih ?L|
!?L��?} |�i Th�Uit i�ih) �h4 �t U�@h}�?}�

5iUL?_c �?Uih|@�?|) @ML�| |�i ��}Lh Lu UL4Ti|�|�L? 4@) @h�ti uhL4 �?�
Uih|@�?|) @ML�| |�i t�TT*) t�_i� W| 4@) Mi �?U*i@h ��i|�ih h��@*t �@�i ��|
|�i�h U@T@U�|) UL?t|h@�?|t E�? ���U� U@ti |�i) U@??L| UL4Ti|i uLh @__�|�L?@*
UL?t�4iht�c ��i|�ih h��@*t �@�i i?|ihi_ )i|c ��i|�ih h��@*t �@�i }hLtt*) L�ih�
Th�Ui_ M) 4�t|@!i Lh �}?Lh@?Uic Lh ��i|�ih h��@*t �@�i |i4TLh@h�*) ��}� ULt|t�
W| 4@) Mi �?U*i@h ��i|�ih L|�ih UL4Ti|�|Lht �@�i @*tL _�tUL�ihi_ @ ?i�
4@h!i|c Lh �? M*@U! 4@h!i|t �| 4@) Mi _��U�*| |L !?L� |�i ?�4Mih Lu �h4t
LTih@|�?} �? |�@| 4@h!i| EUu� a@?tti? @?_ V@? +ii�i?c �bbH�� , @4T*it Lu

2



|�iti h@?}i uhL4 ��L*it@*i _�t|h�M�|�L? Lu U@?_) M@ht E��ihi �? Tih�L_t Lu
Ti@! _i4@?_ �ht| L?i @?_ |�i? @?L|�ih 4@?�u@U|�hih 4@) ��| U@T@U�|)� |L
@�h*�?i |�U!i| Th�U�?} |L t@*it Lu �?�t�@* M�| ?L| h@hi @?|�^�it Lh �ti_ MLL!t�
�?) Lu |�iti t�|�@|�L?t U@? Mi 4L_i**i_ @t �?Uih|@�?|) L�ih |�i ?�4Mih Lu
@U|��i h��@*t�

A�i _i4@?_ @?_ t�TT*) �?|ihThi|@|�L?t Lu |�i Thi��L�t |�L T@h@}h@T�t
@**L� �t |L |hi@| |�i ThLM@M�*�|) @ �h4 �t @U|��i*) UL4Ti|�?} uLh @ }��i? U�t�
|L4ih @t @? i L}i?L�t ThLM@M�*�|)c �?_iTi?_i?| Lu |�i ?�4Mih Lu TL|i?|�@**)
@U|��i �h4t� A��t ThLM@M�*�|) �t Mi)L?_ @ �h4<t UL?|hL* @?_ U@? Mi hi}@h_i_
�? �@)it�@? u@t��L? @t @ _iU�t�L? M) �@|�hi� ì @*tL ��** t�L� �L� uLh @
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|�L TLtt�M�*�|�it� 6�ht|c |�ihi i �t|t @ ?i�}�MLh�LL_ dR�c %� ��|� % : R� t�U�
|�@| |�i ThLM@M�*�|) |�@| @?) �h4 U�@h}it @ Th�Ui �? |�i ?i�}�MLh�LL_ i^�@*t
f� A��t U@??L| Mi @? i^��*�Mh��4c @t 6�h4 � U@? �?Uhi@ti R� ��|�L�| hi_�U�?}
�|t U�@?Ui Lu ��??�?} |�i U�t|L4ih� 5iUL?_c |�ihi i �t|t @ ?i�}�MLh�LL_
ER�c %� ��|� R� 	 % t�U� |�@| |�i ThLM@M�*�|) |�@| @| *i@t| L?i L|�ih �h4
U�@h}it @ Th�Ui �? |�i ��L*i ?i�}�MLh�LL_ �t t|h�U|*) TLt�|��i� A��t U@?
@*tL ?L| Mi T@h| Lu @? i^��*�Mh��4c �L�i�ihc @t L?i Lu |�i L|�ih �h4t �@t
�?Ui?|��i |L t��u| ThLM@M�*�|) 4@tt uhL4 Th�Uit ��t| @ML�i R� |L Th�Uit ��t|
Mi*L� �|� Oi?Uic |�ihi U@??L| Mi @?) i^��*�Mh��4 �? ���U� L?*) L?i �h4

S



T�|t t|h�U|*) TLt�|��i ThLM@M�*�|) L? @?) t�?}*i Th�Ui� W? UL?��?U|�L? ��|� |�i
Thi��L�t T@h@}h@T�c |��t 4i@?t |�@| |�ihi �t ?L i^��*�Mh��4 �? ���U� @?)
�h4 U�LLtit @?) Th�Ui ��|� TLt�|��i ThLM@M�*�|) 4@tt�

5iUL?_c |�i t�TTLh| L�ih ���U� @ �h4 4� it �? i^��*�Mh��4 �t UL??iU|i_�
�L?t�_ih �@| �L�*_ �@TTi? �u 6�h4 � h@?_L4�3i_ L�ih @? �?UL??iU|i_ t�T�
TLh|c ���U� �L�*_ �?U*�_i @| *i@t| |�L �?|ih�@*tc _i?L|i_ M) dq�c ��o @?_
dq2c �2o� W| �t i@t) |L tii |�@| @? LT|�4@* E4� i_ t|h@|i})� hitTL?ti Lu 6�h4
2 _Lit ?L| �?U*�_i Th�Uit �? |�i �?|ih�@* d��c q2o� W? |��t U@tic |�ihi i �t|tc
�L�i�ihc @? " : f t�U� |�@| 6�h4 � ��** ?L| Mi �?_�gihi?| Mi|�ii? ti||�?} @
Th�Ui Lu �� � " @?_ ti||�?} @ Th�Ui Lu q2 n "� A��tc @ ?iUitt@h) UL?_�|�L? uLh
6�h4 � h@?_L4�3�?} L�ih dq�c ��o @?_ dq2c �2o �t ��L*@|i_�

wi| �t |�ihiuLhi UL?t|h�U| @? i^��*�Mh��4 �? 4� i_ t|h@|i}�it ��|� |�i
t|h@|i}�it �@��?} @ UL?|�?�L�t @?_ UL4T@U| t�TTLh|� wi| 8 ER�� Mi |�i ThLM�
@M�*�|) |�@| �h4 � U�@h}it @ Th�Ui t4@**ih |�@? R�� A�i i TiU|i_ T@)Lg |L
�h4 � Lu U�@h}�?} @ Th�Ui R� ��i? @** L|�ih �h4t U�LLti @ 4� i_ t|h@|i})
@UULh_�?} |L 8 ER�� �t

Z�ER�c 8�ER�� ' P�3�
&'f

#
� � �
&

$
E�� k�&dkE�� 8 ER���o

�3&3�R�� E��

A��t i Thitt�L? U@? Mi i T*@�?i_ �? |�i uL**L��?} �@)� A�i ThLM@M�*�|)
|�@| i @U|*) � � &� � L�| Lu |�i L|�ih � � � �h4t Mit�_it 6�h4 � @hi @U|��i
�t i^�@* |L #

� � �
&

$
E�� k�&k�3&3�� E2�

A�i i TiU|i_ T@)Lg |L �h4 � ��i? i @U|*) � � & � � �h4t @hi @U|��i @?_
��i? �| U�@h}it @ Th�Ui Lu R� �t i^�@* |L R� |�4it |�i ThLM@M�*�|) |�@| i@U�
Lu |�iti � � & � � �h4t U�@h}it @ Th�Ui |�@| �t *@h}ih |�@? R�c ���U� �t
E��8 ER���

�3&3�R�� ��*|�T*)�?} |�iti |�L |ih4t @?_ t�44�?} �T L�ih @** &
}��it |�i i Thitt�L? @ML�i�

, Thitt�L? E�� �tc Lu UL�htic ?L|��?} M�| @? @TT*�U@|�L? Lu |�i ��?L4�@*
A�iLhi4c @?_ @ t|@?_@h_ hit�*| t@)t |�@|

P�3�
&'f

#
� � �
&

$
@&K�3&3� ' E@n K��3�� E��

.



�TT*)�?} i^�@|�L? E�� |L |�i ThL�| i^�@|�L? E��c �i LM|@�?

ZER�c 8 ER��� ' d�� k8 ER��o
�3�R�� Ee�

W? i^��*�Mh��4c �h4 �4�t| Mi �?_�gihi?| Mi|�ii? @** T�hi t|h@|i}�it |�@|
@hi �? |�i t�TTLh| Lu |�i 4� i_ t|h@|i}) _�t|h�M�|�L?� Oi?Uic �| 4�t| Mi |�@|
L? tL4i �?|ih�@* Lu Th�Uit |�i _ih��@|��i Lu i Thitt�L? Ee� ��|� hitTiU| |L R�
i^�@*t 3ihL� A��tc @ ?iUitt@h) UL?_�|�L? uLh @?) i^��*�Mh��4 �? UL?|�?�L�t
4� i_ t|h@|i}�it �t

d�� k8 ER��o
�3� � E� � ��d�� k8 ER��o

�32ksER��R� ' fc ED�

Lh
�� k8 ER��� kE� � ��sER��R� ' fc ES�

��ihi s �t |�i _i?t�|) u�?U|�L? @ttLU�@|i_ ��|� U�4�*@|��i _�t|h�M�|�L? u�?U�
|�L? 8 �

W| �t @ 4@||ih Lu t|h@�}�|uLh�@h_ U@*U�*@|�L?t |L t�L� |�@| |�i tL*�|�L?
|L _�gihi?|�@* i^�@|�L? ES� �t�

8 ER�� '
�� E�� k�

�
�3�

t
�
R�

�
k

c E.�

uLh E�� k��3�� � R� � ��

+it�*| E.� �4T*�it |�@| |�ihi �t @ �?�^�i t)44i|h�U i^��*�Mh��4 ��|�
UL4T@U| t�TTLh|c @?_ �i �@�i t�L�? i@h*�ih |�@| @? i^��*�Mh��4 �? T�hi
t|h@|i}�it _Lit ?L| i �t|� A�iti hit�*|t @hi t|@|i_ �? �hLTLt�|�L? ��

�hLTLt�|�L? �� A�i �?�^�i t)44i|h�U i^��*�Mh��4 Lu |�i �ih|h@?_ 4L_i* ��|�
@? �?Uih|@�? ?�4Mih Lu UL4Ti|�|Lht �t �? 4� i_ t|h@|i}�it @?_ |�i _�t|h�M�|�L?
u�?U|�L? Lu @ T*@)ih<t t|h@|i}) �t

8 ER�� '

;AAAAAAAA?
AAAAAAAA=

f sJo R� � E�� k��3��

�3E�3k�

�
�3�
s

�
R�

�
k

sJo E�� k��3�� � R� � �

� sJo R� � �

EH�

4Qrwh wkdw zkhq wkhuh duh p lghqwlfdo frqvxphuv/ wkh sur�w lq htxdwlrq +7, lv vlpso|
pxowlsolhg e| p dqg dqg wkh htxloleulxp sulfh glvwulexwlrq uhpdlqv wkh vdph1

H



�h�Ui _�tTiht�L? �t @ �i**�!?L�? L�|UL4i �? hi@*��Lh*_ 4@h!i|t� @̀h?ih
@?_ �@ht!) E�bbD�c uLh i @4T*ic t@4T*i_ Th�Uit @| �@h�L�t t|Lhit �? ��U��}@?
uLh @ ?�4Mih Lu �_i?|�U@* t�?}*i ThL_�U|t @?_ uL�?_ UL?t�_ih@M*i _�tTiht�L?�2

A��tc |�i 4� i_ t|h@|i}) �i uL�?_ �t ^��|i UL?t�t|i?| ��|� hi@*�|)�

6�}�hi � t�L�t |�i U�4�*@|��i _i?t�|) uLh _�gihi?| �@*�it Lu � �t�?}
i^�@|�L? EH� ��|� k ' �2 @?_ � ' �ff ETh�Uit @hi @| �?|ih�@*t Lu �c UL?�
?iU|i_�� �t � �?Uhi@titc i@U� �h4 U�LLtit hi*@|��i*) *L� Th�Uit ��|� ��}�ih
ThLM@M�*�|)� �t � MiUL4it *@h}ic |�i U�4�*@|��i _i?t�|) u�?U|�L? @TThL@U�it
� uLh @** �@*�it Lu R |�@| @hi t|h�U|*) TLt�|��i� �u UL�htic |�i i^��*�Mh��4 Th�Ui
�?_ih TihuiU| UL4Ti|�|�L? �t @*tL i^�@* |L f� A�i TihuiU|*) UL4Ti|�|��i L�|�
UL4i U@? Mi hi}@h_i_ @t |�i *�4�| U@ti Lu |�i Thiti?| 4L_i* ��i? |�i ?�4Mih
Lu �h4t MiUL4it �ih) *@h}i�

5Vhh Wdeohv L dqg LLL ri Zduqhu dqg Eduvn| +4<<8,1 Wkh| irxqg/ iru h{dpsoh/ wkdw d
JL Mrh kdg sulfhv ri 61;;/ 51<6/ 519</ 51<9/ 51;7/ 51<9/ dqg 519</ zkloh dqg d Kx�| Yruwh{
xqdvvhpeohg er|*v elf|foh kdg sulfhv ri :617:/ <<1<</ 445196/ 44<1<</ 44<1<</ dqg 4;1:31

b



20 40 60 80 100 120 140
0

0.2

0.4

0.6

0.8

1

F(p)

p

N=24

N=2

N=8

N=4

v=100



6�}�hi �G ,^��*�Mh��4 �h�Ui #�t|h�M�|�L?t @t W?_�t|h)
�L?Ui?|h@|�L? +�tit Ek ' �2c � ' �ff�

A�i �?|��|�L? �t t|h@�}�|uLh�@h_� �t |�i ?�4Mih Lu TL|i?|�@* UL4Ti|�|Lht
�?Uhi@titc |�i ThLM@M�*�|) Lu @| *i@t| L?i L|�ih �h4 @U|��i*) ThL_�U�?} |�i
t@4i ThL_�U| h�tit� `�|� }hi@|ih ThLM@M�*�|) Lu UL4Ti|�|�L?c |�i �h4 hi_�Uit
�|t Th�Uit� W? |�i *�4�|c @ �h4 �t i |hi4i*) *�!i*) |L �@�i @| *i@t| L?i @U|��i
UL4Ti|�|Lh� 5|@?_@h_ �ih|h@?_ UL4Ti|�|�L? UL4it �?|L igiU| @?_ i@U� �h4
U�@h}it @ Th�Ui i^�@* |L 4@h}�?@* ULt|�

, TiU|i_ ThL�| uLh L?i �h4 U@? Mi uL�?_ �t�?} |�i T�hi t|h@|i}) ThL�|
uhL4 U�@h}�?} R ' �� 5�?Ui |�i �h4 �t @U|��i ��|� ThLM@M�*�|) kc |�@| ThL�|
�t

Z� ' kE�� k��3��� Eb�

�L|i |�@| �?_���_�@* ThL�| �t _iU*�?�?} �? � @?_ �|t t�4c �?_�t|h) ThL�|c
�t i^�@* |L�

�kE�� k��3��� E�f�

wi| �K _i?L|i i TiU|i_ �?_�t|h) ThL�| �?_ih �ih|h@?_ UL4Ti|�|�L? Lu
|��t !�?_ }��i? |�@| @| *i@t| L?i �h4 �t @U|��i� A�i ThL�| �? i^�@|�L? E�f�
U@? Mi �h�||i? @t

�[
�'�

Z� ' �kE�� k��3�� ' E�� k��Ef� n d�� E�� k�� o�Kc E���

)�i*_�?}

�K '
�kE�� k��3��

�� E�� k��
� E�2�

AL tii �L� �?_�t|h) ThL�| U�@?}it ��|� � c ?L|i |�@| @u|ih tL4i 4@?�T�
�*@|�L?c

_�K

_�
'

%
E�� E�� k��� n�,J}E�� k�

E�� E�� k���2

& k
kE�� k��3��

l
E���

6Qrwh wkdw dowkrxjk wkh sur�wv ri wkh gl�huhqw �upv duh qrw lqghshqghqw/ wkh h{shfwhg
sur�wv duh/ vr wklv vxppdwlrq lv ohjlwlpdwh1

�f



#ih��@|��i E�� � �t �i**�_i�?i_c i�i? |�L�}� L?*) �?|i}ih �@*�it Lu �
�@�i @? iUL?L4�U �?|ihThi|@|�L?� W|t t�}? �t |�i t@4i @t |�i t�}? Lu

�� E�� k�� n�,J}E�� k�� E�e�

6Lh � ' �c i Thitt�L? E�e� MiUL4it k n ,J}E� � k�c ���U� �t ?i}@|��i
MiU@�ti k 	 �� 6Lh *@h}ih � c i Thitt�L? E�e� MiUL4it i�i? 4Lhi ?i}@|��ic
MiU@�ti �|t _ih��@|��i ��|� hitTiU| |L � �t �E��k�� ,J}E��k�n,J}E��k� '
,J}E�� k�d�� E�� k�� o 	 f� A��tc

_�K

_�
	 fc E�D�

@?_ ThL�|t u@** @t |�i ?�4Mih Lu �h4t �?Uhi@tit�

W? |�i @TTi?_� �| �t t�L�? |�@| �i U@? t@) 4Lhic ?@4i*)

_2�K

_�2
: f� E�S�

A��t 4i@?t |�@| ThL�|t @hi UL?�i *) _iUhi@t�?} �? |�i ?�4Mih Lu �h4t
�? |�i �?_�t|h)c tL |�i t�@Ti t�L�? �? |�i ?�4ih�U@* i @4T*it }h@T�i_ �?
6�}�hi 2 �? 5iU|�L? e �L�*_ Mi uL�?_ uLh @?) i @4T*i�

�Lhi Bi?ih@* #i4@?_ 5|h�U|�hit

5L u@h |�i @tt�4T|�L? �@t Mii? |�@| |�i ^�@?|�|) _i4@?_i_ �t L?i �?�|
uLh @** Th�Uit t4@**ih |�@? � @?_ 3ihL L|�ih��ti� Oihic �i ��** UL?t�_ih @ 4Lhi
}i?ih@* _i4@?_ u�?U|�L?c ���U� �i _i?L|i M) (ER�� 6Lh t�4T*�U�|) �i ��**
hit|h�U| L�hti*�it |L |�i U@ti � ' 2� ì ��** �4TLti L?i UL?_�|�L? L? |��t
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