
�hi_�U|@M*i @?_ N?Thi_�U|@M*i ,hhLh �? ALh| ��@h_tG

A�i ,giU| Lu �*@�?|�g 5i*u 5i*iU|�L? @?_ 5�}?@**�?}
a�?i Hc �bbD

,h�U +@t4�ti?

��M*�t�i_c W?|ih?@|�L?@* +i��i� Lu w@� @?_ ,UL?L4�Ut E5iT|i4Mih �bbD�

�DG �2���eD�

�Mt|h@U|

Wu @ TL|i?|�@* |Lh| T*@�?|�g U@? Thi_�U| |�@| |�i UL�h| ��** L�ihit|�4@|i _@4�

@}it �i �t 4Lhi *�!i*) |L Mh�?} t��|c M�| �u |�i UL�h| �t @�@hi Lu |��tc �| ��**

@_��t| �|t @�@h_t @UULh_�?}*)� W? }i?ih@*c UL�h| ihhLh �4T*�it |�@| |�i UL�h|

t�L�*_ 4L_ih@|i i |hi4i @�@h_t ��i|�ih |�i) @hi ��}� Lh *L�c MiU@�ti Lu

hi}hitt�L? |L�@h_t |�i 4i@?� �hi_�U|@M*i ihhLhc �L�i�ihc |i?_t |L T�t� |�i

LT|�4@* @_��t|4i?| _L�?�@h_t @?_ �?Thi_�U|@M*i ihhLh T�t�it �| �T�@h_tc

MiU@�ti Lu T*@�?|�g ti*iU|�L? @?_ t�}?@**�?}c hitTiU|��i*)� A�i i TiU|@|�L? Lu

i�|�ih !�?_ Lu ihhLh *i@_t T*@�?|�gt |L Mh�?} 4ih�|*itt t��|t�

5333= Hulf Udvpxvhq/ Surihvvru ri Exvlqhvv Hfrqrplfv dqg Sxeolf Srolf| dqg
Vdqmd| Vxekhgdu Idfxow| Ihoorz/ Lqgldqd Xqlyhuvlw|/ Nhooh| Vfkrro ri Exvlqhvv/ EX
789/ 463< H 43wk Vwuhhw/ Eorrplqjwrq/ Lqgldqd/ 7:73804:341 R�fh= +;45, ;880
<54<1 Id{= ;450;88066871 HudvpxvhClqgldqd1hgx1 Sks1lqgldqd1hgx2�hudvpxvh1

L zrxog olnh wr wkdqn D1 Plwfkhoo Srolqvn| dqg vhplqdu sduwlflsdqwv dw Jhrujh
Pdvrq Odz Vfkrro/ wkh Dqwlwuxvw Glylvlrq ri wkh Mxvwlfh Ghsduwphqw/ dqg wkh
Dphulfdq Odz dqg Hfrqrplfv Dvvrfldwlrq 4<<5 Phhwlqjv iru khosixo frpphqwv1
Wklv zrun zdv ehjxq zkloh wkh dxwkru zdv dq Rolq Idfxow| Ihoorz dw \doh Odz
Vfkrro1



�� W�A+�#N�AW��

� u�?_@4i?|@* @t)44i|h) �? *@�t��|t �t |�@| |�i T*@�?|�g �*it t��|c ?L|

|�i _iui?_@?|� A��t @t)44i|h) �t 4Lhi |�@? _i�?�|�L?@*c MiU@�ti �u ?L t��|

�t �*i_c *Lttit *�i ��ihi |�i) u@**c @ hit�*| |�@| �t t@|�tu@U|Lh) |L L?i T@h|) M�|

?L| |L |�i L|�ih� A�i ti*iU|�L? Lu _�t@}hii4i?|t |�@| i?_ �T �? *�|�}@|�L? �t

|�ihiuLhi ?L| h@?_L4c MiU@�ti TL|i?|�@* T*@�?|�gt @hi 4Lhi *�!i*) |L �*i t��|

��i? |�i) |��?! |�i) ��** ��?� A�i ^�it|�L? |L Mi @?t�ihi_ �? |��t @h|�U*i

�t ��i|�ih |�i u@U| |�@| T*@�?|�gt ti*iU| ���U� U@tit }L |L UL�h| t�L�*_ 4@!i

UL�h|t 4Lhi }i?ihL�t |L T*@�?|�gtc Lh *itt }i?ihL�t�

A�i @?t�ih ��** |�h? L? ��i|�ih |�i T*@�?|�g U@? Thi_�U| |�i _�hiU|�L? Lu

|�i UL�h|<t ihhLh �? i�@*�@|�?} i��_i?Ui� 5L4i|�4it UL�h| ihhLh �t Thi_�U|@M*i(

|�i T*@�?|�g !?L�t |�@| �i ��4ti*u �t |h�*) |L M*@4i uLh @? @UU�_i?| M�| |�@| @

Uhi_�M*i ��|?itt Mi*�i�it L|�ih��ti� �|�ih |�4itc UL�h| ihhLh �t �?Thi_�U|@M*i(

|�i T*@�?|�g !?L�t |�@| Lu|i? |�i ��_}i<t @||i?|�L? ��** Mi �@?_ih�?} @| tL4i

TL�?| _�h�?} |�i |h�@*c M�| �i _Lit ?L| !?L� ��i?� A�i T*@�?|�g<t i TiU|i_

T@)Lg uhL4 |�i *@�t��| @hi M@ti_ L? ��t !?L�*i_}i Lu |�i |h�i _@4@}i �?

|��t T@h|�U�*@h U@ti @?_ L? ��t it|�4@|i Lu |�i UL�h|<t ihhLh �? 4i@t�h�?} |�@|

_@4@}i� Wu |�i T*@�?|�g U@??L| Thi_�U| |�i UL�h| ihhLhc ��t �*�?} _iU�t�L? �t

M@ti_ L?*) L? ��t �?uLh4@|�L? @ML�| |�i |h�i _@4@}itc M�| �u �i U@? Thi_�U|

|�i UL�h| ihhLhc �| ��** Mi M@ti_ T@h|*) L? |�i _�hiU|�L? Lu |�@| ihhLh� OL�

|�i UL�h| @_��t|t �|t _@4@}i @�@h_t �? *�}�| Lu T*@�?|�gt< �?Ui?|��it |L �*i

|�ihiuLhi _iTi?_t L? |�i Thi_�U|@M�*�|) Lu �|t 4i@t�hi4i?| ihhLh �? i�@*�@|�?}

i��_i?Ui�

�L�h| ihhLh @?_ @t)44i|h�U �?uLh4@|�L? �? *@�t��|t �@�i Mii? |�i t�M�

�iU|t Lu UL?t�_ih@M*i @?@*)t�t� �LL|ih @?_ +�M�?ui*_ E�bHb� t�h�i) @? i |i?�

t��i *�|ih@|�hi L? |�i *�|�}@|�L? ThLUittc 4�U� Lu ���U� _i@*t ��|� Thi�|h�@*

ti||*i4i?| ��i? *�|�}@?|t TLttitt _�gihi?| �?uLh4@|�L?�� A�i i4T�@t�t �?

|��t *�|ih@|�hi �@t Mii? L? |�i *�|�}@?|t< �?Ui?|��it h@|�ih |�@? |�i UL�h|<tc

|�L�}� @?) *�|�}@|�L? 4L_i* 4�t| �?U*�_i tL4i tTiU��U@|�L? Lu ��@| |�i UL�h|

_Lit ��i? |�i *�|�}@?|t u@�* |L ti||*i L�| Lu UL�h|� � tL4i��@| _�gihi?| *�|ih�

4Vhh/ iru h{dpsoh/ Sqj ^4<;6`/ Ehefkxn +4<;7,/ Uhlqjdqxp ) Zlogh ^4<;9`/ dqg Uhlq0
jdqxp ^4<;;`1

2



@|�hi *LL!t @| |�i ti*iU|�L? Lu U@tit |�@| }L |L |h�@*c }��i? |�i Mi�@��Lh Lu |�i

UL�h|�2 �L�h| ihhLh �@t @*tL Mii? i @4�?i_c itTiU�@**) �? UL??iU|�L? ��|�

|�i |h@_iLg Mi|�ii? T�?�t��?} |�i �??LUi?| @?_ ?L| T�?�t��?} |�i U�*T@M*i��

`�@| �@t Mii? *@h}i*) �}?Lhi_ �t |�i UL�h|<t h@|�L?@* hitTL?ti |L �|t L�?

ihhLh @?_ �|t !?L�*i_}i |�@| *�|�}@?|t Mi�@�i t|h@|i}�U@**)� �? i UiT|�L? �t

#@�}�i|) : +i�?}@?�4 E�bbD�c ���U� @?@*)tit �L� |�i UL�h| U@? �?ULhTL�

h@|i �|t !?L�*i_}i |�@| ti||*i4i?| �@t u@�*i_ |L LUU�h @?_ @?) _i|@�*t Lu |�i

ti||*i4i?| ?i}L|�@|�L?t |�@| �| !?L�t� A�i Thiti?| �tt�i �t M@ti_ L? @? i�i?

4Lhi M@t�U _i_�U|�L?� `�i? |�i UL�h| LMtih�it |�@| |�i T*@�?|�g �@t �*i_

t��|c �| 4�t| M@*@?Ui |�i ThLM@M�*�|) |�@| |�i T*@�?|�g Thi_�U|i_ |�@| |�i

UL�h| �L�*_ L�ihit|�4@|i _@4@}it @}@�?t| |�i ThLM@M�*�|) |�@| �i @U|�@**)

�@t @ }LL_ U@ti�

A�i 4L_i* Mi*L� ��** _���_i |�i UL�h|<t u@U|�?_�?} �?|L |�L t|iTtG E��

4i@t�h�?} |�i �@*�i Lu |�i _@4@}it }��i? |�i i��_i?Ui Thiti?|i_ uLh |�i

T@h|�U�*@h U@tic @?_ E2� it|�4@|�?} |�i �@*�i Lu _@4@}it M) �?ULhTLh@|�?} ?L|

L?*) |�i 4i@t�hi_ _@4@}it M�| @*tL i |h@?iL�t !?L�*i_}i t�U� @t |)T�U@*

_@4@}i *i�i*tc |�i T*@�?|�g<t �?Ui?|��i |L Mh�?} t��|c @?_ |�i *�!i*��LL_ Lu

4i@t�hi4i?| ihhLh� A�i UL�h| 4�}�| 4i@t�hi |�i _@4@}i |L Mi m�fcfff �t�?}

|�i i��_i?Ui MiuLhi �|c M�| @__�?} �|t !?L�*i_}i Lu |�i T*@�?|�g<t �?Ui?|��it

|L Mh�?} t��| ��i? |�i i��_i?Ui �t u@�Lh@M*) _�t|Lh|i_ 4�}�| hi_�Ui |�i Mit|

it|�4@|i |L mHcfff�e

A�i Ui?|h@* �?|��|�L? |L Mi i @4�?i_ �t |�@| t�?Ui |�i T*@�?|�g �t 4Lhi

*�!i*) |L Mh�?} @ U@ti ��i? �i !?L�t |�i UL�h| ��** L�ihit|�4@|i _@4@}itc

|�i UL�h| t�L�*_ tU@*i M@U! |�i @�@h_ uhL4 ��@| �| �L�*_ L|�ih��ti Mi� �t

��** MiUL4i @TT@hi?|c @*|�L�}� |��t �@t tL4i |h�|� |L �|c L|�ih igiU|t @hi

5Wkh vhplqdo sdshu lq wklv olwhudwxuh lv Sulhvw ) Nohlq +4<;7,> d uhfhqw h{dpsoh lv
K|owrq +4<<6,1

6Rq frxuw huuru lq d ydulhw| ri frqwh{wv/ vhh Vfkdhihu ^4<:;`/ Fdoihh ) Fudvzhoo ^4<;7`/
Jrrg ) Wxoorfn ^4<;7`/ Fudvzhoo ) Fdoihh ^4<;9`/ Sqj ^4<;9`/ Uxelqihog ) Vdsslqjwrq
+4<;:,/ Srolqvn| ) Vkdyhoo ^4<;</ 4<<7`/ Vdudwk ^4<<4`/ Ndsorz +4<<7,/ dqg Wxoorfn +4<<7,1

7Zkhwkhu wkh frxuw lv shuplwwhg e| wkh odz wr jr eh|rqg phdvxulqj gdpdjhv wr hvwl0
pdwh wkhp lv d mxulvsuxghqwldo dqg ohjdo txhvwlrq wkdw zloo qrw eh dgguhvvhg khuh/ dowkrxjk
Vhfwlrq 8 zloo eulh�| glvfxvv _uhplwwlwxu/% d surfhgxuh e| zklfk wkh v frxuw fdq wkuhdwhq
wkh sodlqwl� zlwk d qhz wuldo xqohvv kh djuhhv wr dffhsw d uhgxfhg dzdug1

�



@*tL @| �Lh!c @?_ ��i|�ih |�i �?|��|�L? �t �@*�_ ��** |�h? L�| |L _iTi?_ E@�

L? ��i|�ih |�i UL�h| !?L�t |�i *i�i* Lu _@4@}it |)T�U@* �? |�i |)Ti Lu U@ti

@| �@?_c @?_ EM� L? |�i @4L�?| Lu UL�h| ihhLh |�@| �t Thi_�U|@M*i M) |�i

T*@�?|�g� W| ��** Mi t�L�? |�@| |�i UL�h| t�L�*_ @*�@)t 4L_ih@|i i |hi4i

4i@t�hi4i?|t Lu _@4@}ic @?_ |�@| �u UL�h| ihhLh �t *@h}i*) �?Thi_�U|@M*ic |�i

UL�h| t�L�*_ @U|�@**) @_��t| @�@h_t �T�@h_t�

A�hii igiU|t @hi @| �Lh!� 6�ht|c hi}hitt�L? |L�@h_t |�i 4i@? ��** @*�@)t

��t|�u) 4L_ih@|�?} i |hi4i @�@h_tG @? i |hi4i �@*�i Lu 4i@t�hi_ _@4@}i

�@t @ }hi@|ih ThLM@M�*�|) Lu Mi�?} _�i |L 4i@t�hi4i?| ihhLh h@|�ih |�@? ��}�

|h�i _@4@}i� 5iUL?_c Thi_�U|@M�*�|) Lu |�i ihhLh *i@_t |L T*@�?|�gt Mi�?}

4Lhi *�!i*) |L Mh�?} t��|t ��|� TLt�|��i 4i@t�hi4i?| ihhLhc @?_ L? |��t @U�

UL�?|c �?_ih U�hU�4t|@?Uit i T*@�?i_ Mi*L�c |�i UL�h| ��** ��t� |L hi_�Ui �|t

@�@h_t� A��h_c �?Thi_�U|@M*i ihhLh 4i@?t |�@| tL4i|�4it UL�h|t ��** LMtih�i

@TT@hi?|*) �i@! t��|t Mi�?} MhL�}�|c @?_ |�i UL�h| t�L�*_ @_��t| �|t @�@h_

�T�@h_t MiU@�ti |�i T*@�?|�g<t ��**�?}?itt |L Mh�?} t��| �t @ Uhi_�M*i t�}?@*

|�@| ��t |h�i _@4@}it @hi ��}�ih |�@? |�i UL�h|<t 4i@t�hi4i?|�

5iU|�L? 2 Lu |�i @h|�U*i *@)t L�| @ uLh4@* 4L_i* Lu UL�h| ihhLh @?_ _i�

h��it @ }i?ih@* ThLTLt�|�L? @ML�| @_��t|�?} i |hi4i @�@h_t� 5iU|�L?t � @?_

e i @4�?i t�|�@|�L?t Lu T�hi*) Thi_�U|@M*i @?_ T�hi*) �?Thi_�U|@M*i ihhLh�

5iU|�L? D �**�t|h@|it |�iti t�|�@|�L?t ��|� @ ?�4ih�U@* i @4T*i @?_ hi*@|it

|�i |�iLh) |L |�i *@�� 5iU|�L? S _�tU�ttit 4ih�|*itt t��|tc @?_ 5iU|�L? .

UL?U*�_it�

2� AO, ��#,w

A�i _iU�t�L?4@!iht �? |�i 4L_i* ��** Mi @ T*@�?|�g @?_ @ UL�h|�D A�i

T*@�?|�g �t @? @}}h�i�i_ T@h|) ��L _iU�_it ��i|�ih |L �*i t��| M@ti_ L? ��t

ULt| Lu *�|�}@|�L?c ��t �?uLh4@|�L? @ML�| |�i |h�i _@4@}i @?_ |�i UL�h|<t

4i@t�hi4i?| ihhLhc @?_ ��t !?L�*i_}i Lu �L� |�i UL�h| uLh4t �|t @�@h_t�

A�i �Lh_ RU@ti� ��** Mi �ti_ |L hiuih |L TL|i?|�@* R*@�t��|t�c MiU@�ti ��i?

8Iru d glvfxvvlrq ri wkh h�hfwv ri dgglqj wkh srvvlelolw| ri vhwwohphqw dqg doorzlqj wkh
ghihqgdqw wr eh d ghflvlrqpdnhu lq wkh prgho/ vhh Vhfwlrq 81

e



|�i T*@�?|�g U�LLtit ��i|�ih |L Mh�?} ��t }h�i�@?Ui |L UL�h| Lh ?L| @ _�t|�?U�

|�L? 4�t| Mi 4@_i� A�i UL�h| 4i@t�hit |�i _@4@}i ��|� ihhLhc @?_ �tit

|�@| 4i@t�hi4i?| |L}i|�ih ��|� �|t !?L�*i_}i Lu �L� |�i T*@�?|�g _iU�_it

|L �*i t��| |L uLh4 �|t @�@h_� A�i t)t|i4 �t t�4�*|@?iL�tc MiU@�ti |�i T*@�?�

|�g<t t��|�Mh�?}�?} t|h@|i}) _iTi?_t L? |�i UL�h|<t 4i@t�hi4i?|�@_��t|�?}

t|h@|i})c ���U� �? |�h? _iTi?_t L? |�i T*@�?|�g<t t��|�Mh�?}�?} t|h@|i})�

wi| |�i |h�i *i�i* Lu _@4@}i �? @ U@ti Mi _c ��ihi _ |@!it |�i �@*�i

> � � ��|� ThLM@M�*�|) Rc > n � ��|� ThLM@M�*�|) oc @?_ > ��|� ThLM@M�*�|)

^ ' � � R � o� wi| �t @tt�4ic �?*itt ?L|i_ L|�ih��tic |�@| R ' oc tL |�i

_@4@}i _�t|h�M�|�L? �t t)44i|h�U @?_ > hiThiti?|t |�i 4i@? �@*�i Lu _@4@}i�

A�i 4i@t�hi_ �@*�i Lu _@4@}i _iTi?_t ?L| L?*) L? _ M�| L? |�L ihhLh

|ih4tc "R @?_ "�� A�i ihhLh Thi_�U|@M*i M) T*@�?|�gt �t "Rc ��ihi

"R '

;A?
A=
�� ��|� RoJK@K�,�|+ w

f ��|� RoJK@K�,�|+ �� 2w
n� ��|� RoJK@K�,�|+ w

E��

A�i ihhLh ?L| Thi_�U|@M*i M) T*@�?|�gt �t "�c ��ihi

"� '

;A?
A=
�� ��|� RoJK@K�,�|+ �

f ��|� RoJK@K�,�|+ �� 2�
n� ��|� RoJK@K�,�|+ �

E2�
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<Qrwh wkdw wklv vlwxdwlrq ri suhglfwdeoh huuru zlwk gl�xvh sulruv lv qrw wkh vdph dv d
vlwxdwlrq zlwk erwk suhglfwdeoh dqg xqsuhglfwdeoh huuru1 Wkh gl�xvh sulruv uhihu wr wkh
eholhiv ri wkh frxuw derxw wkh wuxh gdpdjh/ zkloh wkh suhglfwdelolw| ri wkh huuru uhihuv wr
wkh eholhiv ri wkh sodlqwl�1 Lw lv dvvxphg wkurxjkrxw wklv duwlfoh wkdw wkh sodlqwl� nqrzv
wkdw wkh phdq ydoxh ri frxuw huuru lv }hur ryhu doo fdvhv/ lqfoxglqj wkrvh wkdw qhyhu ehfrph
odzvxlwv1
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Surri1 Li wkh frxuw nqhz wkh ydoxh ri �/ lw zrxog nqrz krz wr dg0
mxvw wkh gdpdjh phdvxuhphqw1 Lq dffrugdqfh zlwk +46,/ rq revhuylqj
ag @ � � 4 ru �� 5 lw zrxog dgmxvw xszdugv/ rq revhuylqj ag @ �. 4
ru �.5 lw zrxog dgmxvw grzqzdugv/ dqg rq revhuylqj ag @ � lw zrxog
vhw wkh dzdug htxdo wr wkh phdvxuhg gdpdjh1

Fdvhv zlwk ag @ �.4 duh pruh olnho| wr eh eurxjkw lq htxloleulxp
wkdq fdvhv zlwk ag @ � � 4/ krzhyhu/ ehfdxvh I +� . 4, A I +� � 4,1
Wkh suredelolwlhv ri wkh �yh gl�huhqw ydoxhv ri �g duh

+s�> s+4�5�,.+4�5s,�> +4�5s,+4�5�,.s�.s�> s+4�5�,.+4�5s,�> s�,=
+48,

Ohw xv lqyhqw wkh qrwdwlrq nD> nS> n. dqg uhzulwh yhfwru +48, dv +s�> nD> nS> nD> s�,/
vr wkdw wkh suredelolw| wkdw d vxlw lv eurxjkw dw doo lv

n. @ I +��5,s�.I +��4,nD.I +�,nS.I +�.4,nD.I +�.5,s�= +49,

Wkh suredelolw| wkdw/ iru lqvwdqfh/ �g @ �� 5/ frqglwlrqdo xsrq d vxlw
kdylqj ehhq eurxjkw dw doo lv/ e| Ed|hv* Uxoh/
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Xvlqj suredelolwlhv lq wkh pdqqhu ri htxdwlrq +4:,/ dqg xvlqj wkh
txdqwlw| ri dgmxvwphqw iurp htxdwlrq +46,/ wkh dyhudjh dgmxvwphqw
wkh frxuw zrxog olnh wr pdnh lv

I +�� 5,s�+4,

n.
.

I +�� 4,nD+4� ]�,

n.
.

I +�,nS+3,

n.
. +4;,

I +�. 4,n�+�+4� ]�,,

n.
.

I +�. 5,s�+�4,

n.
> +4<,

zklfk htxdov

^I +�� 5,� I +�. 5,`s� . ^I +�� 4,� I +�. 4,`nD+4� ]�,

n.
+53,

Vlqfh I +�� 5, ? I +�.5, dqg I +�� 4, ? I +�.4,/ wkh frxuw zlvkhv

wr dgmxvw grzqzdugv rq dyhudjh1
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43Li gdpdjhv duh v|pphwulf/ s @ t1 Vlqfh �olqj lv pruh olnho| zkhq wuxh gdpdjhv duh
kljkhu/ I +�� 4, A I +�. 4,1 Iurp wkhvh wzr idfwv/ lw iroorzv wkdw wkh qxphudwru ri wkh
iudfwlrq lq htxdwlrq +6;, lv srvlwlyh1
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Surri1 Iurp htxdwlrq +54, dqg wkh idfw wkdw kljkhu dzdugv lqgxfh
pruh olwljdwlrq vr I +�� 4, ? I +�,/

d+�� 4> � @ n> � @ 3, @ �� 8 E>3��E�32&�R
8 E>3��E�32&�Rn8 E>�&E�32R� +55,

A �� 8 E>3��E�32&�R
8 E>3��E�32&�Rn8 E>3��&E�32R� = +56,

Iurp htxdwlrq +46,/

d+�� 4> � @ 3> � @ n, @ ��
+4� 5n,s

+4� 5n,s. n+4� 5s,
= +57,

Exw wklv htxdov wkh uljkw0kdqg vlgh ri +55,/ vr lw pxvw eh wkdw d+��

4> � @ n> � @ 3, A d+� � 4> � @ 3> � @ n,1 Wkh vdph surfhgxuh fdq

eh xvhg vwudljkwiruzdugo| wr vkrz wkdw wkh sursrvlwlrq lv dovr wuxh iru
ag @ � dqg ag @ �. 41 T1H1G1
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Surri= Zkhq wkh frxuw revhuyhv d gdpdjh phdvxuhphqw ri ag/ lw
nqrzv wkdw wkh wuxh gdpdjh lv zlwklq rqh xqlw ri wkdw ydoxh/ vr g
htxdov ag� 4/ ag/ ru ag.41 Vlqfh J�+f, A 3/ iru dq| dgmxvwphqw uxoh wkh
frxuw xvhv/ kljkhu wuxh gdpdjh zloo |lhog d kljkhu shufhqwdjh ri fdvhv
olwljdwhg/ vr

I + ag� 4, ? I + ag, ? I + ag. 4,= +58,
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Wklv phdqv wkdw xvlqj Ed|hv*v Uxoh/ wkh frxuw*v hvwlpdwhg ydoxh ri g
jlyhq d vxlw zdv eurxjkw lv#

I + ag� 4,

I + ag� 4, . I + ag, . I + ag. 4,

$
+ ag� 4, .

#
I + ag,

I + ag� 4, . I + ag, . I + ag. 4,

$
+ ag,

.

#
I + ag. 4,

I + ag� 4, . I + ag, . I + ag. 4,

$
+ ag. 4,=+59,

H{suhvvlrq +59, lv juhdwhu wkdq ag ehfdxvh ri wkh lqhtxdolwlhv lq +58,/
vr d+ ag, A ag1 T1H1G1
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DSSHQGL[

Wkh dsshqgl{ xvhv wkh prgho lq Vhfwlrq 5 wr fdofxodwh wkh uhohydqw suredelol0
wlhv xvhg wr fdofxodwh wkh h{shfwhg ydoxh ri g jlyhq ag1 Iru qrwdwlrqdo frqyhqlhqfh/
ohw ag� ghqrwh ag @ � . l/ �g� ghqrwh �g @ � . l/ dqg g� ghqrwh g @ � . l1 Iurp
htxdwlrqv +4, wr +6, rqh fdq �qg Su+ agm �g, dqg Su+ �gmg, iru gl�huhqw ydoxhv ri g/ �g/
dqg ag1

Iru ag @ ��6 wkh Ed|hvldq xsgdwlqj lv yhu| vlpsoh= d+��6, @ ��41 Wklv lv
vr ehfdxvh wkh rqo| zd| wkdw ag @ �� 6 frxog dulvh lv li g @ �� 4 dqg erwk huuruv
zhuh qhjdwlyh1 Vlploduo|/ d+�. 6, @ �. 41 Wklv ohdyhv wkh lqwhuphgldwh ydoxhv ri
ag/ zklfk gr qrw shuihfwo| uhyhdo g1 Wkhvh fdq eh eurnhq grzq ghshqglqj rq zklfk
ri wkh �yh ydoxhv ri �g kdv dulvhq1

Iru ag @ �� 5/ htxdwlrq +:, ehfrphv

Su+ ag32> odzvxlwmg�, @
2[

�'32

I +m,Su+ ag32m �g�,Su+ �g� mg�,

@ I +�� 5,+4� 5�,Su+ �g32mg�, . I +�� 4,�Su+ �g3�mg�, . I +�,+3,

�f



.I +�. 4,+3, . I +�. 5,+3,= +5:,

Dsso|lqj htxdwlrq +5:, wr l @ � � 4> �> � . 4 / wkh wkuhh srvvleoh wuxh ydoxhv ri
gdpdjh/ |lhogv

Su+ ag32> odzvxlwmg3�, @ I +�� 5,+4� 5�,� . I +�� 4,�+4� 5�,

Su+ ag32> odzvxlwmgf, @ I +�� 5,+4� 5�,+3, . I +�� 4,��

Su+ ag32> odzvxlwmg�, @ I +�� 5,+4� 5�,+3, . I +�� 4,�+3,

dqg/ iurp htxdwlrq +;,/

Su+ ag32> odzvxlw, @ I +�� 5,+4� 5�,�s. I +�� 4,�+4� 5�,s. I +�� 4,��t

Iru ag @ �� 4/ htxdwlrq +:, ehfrphv

Su+ ag3�> odzvxlwmg�, @
2[

�'32

I +m,Su+ ag3�m �g�,Su+ �g� mg�,

@ I +�� 5,�Su+ �g32mg�, . I +�� 4,+4� 5�,Su+ �g3�mg�, . I +�,�Su+ �gfmg�,

.I +�. 4,+3,Su+ �g�mg�, . I +�. 5,+3,Su+ �g2mg�,= +5;,

Dsso|lqj htxdwlrq +5;, wr l @ � � 4> �> � . 4 / wkh wkuhh srvvleoh wuxh ydoxhv ri
gdpdjh/ |lhogv

Su+ ag3�> odzvxlwmg3�, @ I +�� 5,�� . I +�� 4,+4� 5�,+4� 5�, . I +�,��

Su+ ag3�> odzvxlwmgf, @ I +�� 5,�+3, . I +�� 4,+4� 5�,+�, . I +�,�+4� 5�,

Su+ ag3�> odzvxlwmg�, @ I +�� 5,�+3, . I +�� 4,++4� 5�,,+3, . I +�,��

dqg/ iurp htxdwlrq +;,/

Su+ ag3�> odzvxlw, @ I +�� 5,��s. I +�� 4,+4� 5�,^+4� 5�,s. �t` . I +�,�^�s. +4� 5�,t . �u`

Iru ag @ �/ htxdwlrq +:, ehfrphv

Su+ agf> odzvxlwmg�, @
2[

�'32

I +m,Su+ agfm �g�,Su+ �g� mg�,

@ I +�� 5,+3,Su+ �g32mg�, . I +�� 4,�Su+ �g3�mg�, . I +�,+4� 5�,Su+ �gfmg�,

.I +�. 4,�Su+ �g�mg�, . I +�. 5,+3,Su+ �g2mg�, +5<,

��



Dsso|lqj wklv wr l @ �� 4> �> �. 4 jlyhv

Su+ agf> odzvxlwmg3�, @ I +�� 4,�+4� 5�, . I +�,+4� 5�,� . I +�. 4,�+3,

Su+ agf> odzvxlwmgf, @ I +�� 4,�� . I +�,+4� 5�,+4� 5�, . I +�. 4,�+3,

Su+ agf> odzvxlwmg�, @ I +�� 4,�+3, . I +�,+4� 5�,� . I +�. 4,�+4� 5�,

dqg/ iurp htxdwlrq +;,/

Su+ agf> odzvxlw, @ I +�� 4,�^+4� 5�,s. �t` .

I +�,+4� 5�,^�s. +4� 5�,t . �u` . I +�. 4,�+4� 5�,u +63,

Iru ag @ �. 4/ htxdwlrq +:, ehfrphv

Su+ ag�> odzvxlwmg�, @
2[

�'32

I +m,Su+ ag�m �g�,Su+ �g� mg�,

@ I +�� 5,+3,Su+ �g32mg�, . I +�� 4,+3,Su+ �g3�mg�, . I +�,�Su+ �gfmg�,

.I +�. 4,+4� 5�,Su+ �g�mg�, . I +�. 5,+�,Su+ �g2mg�,= +64,

Dsso|lqj wklv wr l @ �� 4> �> �. 4 |lhogv

Su+ ag�> odzvxlwmg3�, @ I +�,�� . I +�. 4,+4� 5�,+3, . I +�. 5,�+3,

Su+ ag�> odzvxlwmgf, @ I +�,�+4� 5�, . I +�. 4,+4� 5�,� . I +�. 5,�+3,

Su+ ag�> odzvxlwmg�, @ I +�,�� . I +�. 4,+4� 5�,+4� 5�, . I +�. 5,��

dqg/ iurp htxdwlrq +;,/

Su+ ag�> odzvxlw, @ I +�,�^�s.+4�5�,t.�u`.I +�.4,+4�5�,^�t.+4�5�,u`.I +�.5,��u
+65,

Iru ag @ �. 5/ htxdwlrq +:, ehfrphv

Su+ ag2> odzvxlwmg�, @
2[

�'32

I +m,Su+ ag2m �g�,Su+ �g� mg�,

@ I +�� 5,+3,Su+ �g32mg�, . I +�� 4,+3,Su+ �g3�mg�, . I +�,+3,Su+ �gfmg�,

.I +�. 4,�Su+ �g�mg�, . I +�. 5,+4� 5�,Su+ �g2mg�,= +66,

Dsso|lqj wklv wr l @ �� 4> �> �. 4 |lhogv

Su+ ag2> odzvxlwmg3�, @ I +�. 4,�+3, . I +�. 5,+4� 5�,+3,

Su+ ag2> odzvxlwmgf, @ I +�. 4,�� . I +�. 5,+4� 5�,+3,

Su+ ag2> odzvxlwmg�, @ I +�. 4,�+4� 5�, . I +�. 5,+4� 5�,�

�2



dqg/ iurp htxdwlrq +;,/

Su+ ag2> odzvxlw, @ I +�. 4,��t . I +�. 4,�+4� 5�,u . I +�. 5,+4� 5�,�u +67,

Frpelqlqj wkh fdofxodwlrqv deryh wr �oo lq wkh whupv lq htxdwlrq +9, |lhogv wkh
frxuw*v dgmxvwhg dzdugv iru gl�huhqw ohyhov ri ghyldwlrqv iurp wkh dyhudjh phdvxuhg
gdpdjh=

d+�� 6, @ �� 4 +68,

d+�� 5, @ ��
^I +�� 5,+4� 5�,� . I +�� 4,�+4� 5�,`s

^I +�� 5,+4� 5�,� . I +�� 4,�+4� 5�,`s. I +�� 4,��t
+69,

d+��4, @ ��
^I +�� 5,�� . I +�� 4,+4� 5�,+4� 5�, . I +�,��`s� I +�,��u

I +�� 5,��s. I +�� 4,+4� 5�,^+4� 5�,s. �t` . I +�,�^�s. +4� 5�,t . �u`
+6:,

d+�, @ �.
�^I +�� 4,�+4� 5�, . I +�,+4� 5�,�`s. ^I +�,+4� 5�,� . I +�. 4,�+4� 5�,`u

I +�� 4,�^+4� 5�,s. �t` . I +�,+4� 5�,^�s. +4� 5�,t . �u` . I +�. 4,�+4� 5�,u
+6;,

d+�.4, @ �.
�^I +�,��`s. ^I +�,�� . I +�. 4,+4� 5�,+4� 5�, . I +�. 5,��`u

I +�,�^�s. +4� 5�,t . �u` . I +�. 4,+4� 5�,^�t . +4� 5�,u` . I +�. 5,��u
+6<,

d+�. 5, @ �.
^I +�. 4,�+4� 5�, . I +�. 5,+4� 5�,�`u

I +�. 4,��t . ^I +�. 4,�+4� 5�, . I +�. 5,+4� 5�,�`u
+73,

d+�. 6, @ �. 4 +74,

Htxdwlrqv +68, wr +74, wkdw duh xvhg wr suryh wkh sursrvlwlrqv lq wkh pdlq wh{w1

��
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u@hi W4T*�U@|�L?t Lu �Lt|*) w�|�}@|�L? uLh |�i A�iLh) Lu w�@M�*�|)c� aL�h?@* Lu

wi}@* 5|�_�itc �. E�bHH�c �D���Se�

��wW�5kvc �� �WA�O,ww ��# 5A,V,� 5O�V,wwc Rwi}@* ,hhLhc

w�|�}@|�L?c @?_ |�i W?Ui?|��i |L �Mi) |�i w@�c� aL�h?@* Lu w@�c ,UL?L4�Utc

@?_ �h}@?�3@|�L?c D E�bHb�c bb��fH�

��wW�5kvc �� �WA�O,ww ��# 5A,V,� 5O�V,wwc R5�L�*_ w��

@M�*�|) Mi �@ti_ L? |�i O@h4 |L |�i V�U|�4 Lh |�i B@�? |L |�i W?��hihq�

aL�h?@* Lu w@�c ,UL?L4�Utc @?_ �h}@?�3@|�L?c �f E�bbe�c e2.�e�.�

�+W,5Ac B,�+B, ��# �,�a��W� kw,W�c RA�i 5i*iU|�L? Lu #�t�

�D



T�|it uLh w�|�}@|�L?c� aL�h?@* Lu wi}@* 5|�_�itc �� E�bHe�c ��DS�

+�5�N5,�c ,+W�c R�@?@}ih�@* �L?tih�@|�t4 @?_ +@|�L?@* W?uLh4@�

|�L? �U^��t�|�L?c� aL�h?@* Lu ,UL?L4�Ut @?_ �@?@}i4i?| 5|h@|i})c � E�bb2@�c

�.D�2f2�

+�5�N5,�c ,+W�c R�T|�4@* #@4@}it ��@h_t `�i? �L�h| ,hhLh �t

�hi_�U|@M*ic� W?_�@?@ N?��iht�|) L̀h!�?} �@Tih �? ,UL?L4�Ut r b2�f2��

+,W�B��N�c a,��W6,+c R�*i@ �@h}@�?�?} @?_ �hLtiU�|Lh�@* #�t�

Uhi|�L?c� �4ih�U@? ,UL?L4�U +i��i�c .H E�bHH�c .���.2H�

+,W�B��N�c a,��W6,+ ��# w�NW5 `Ww#,c R5i||*i4i?|c w�|�}@�

|�L?c @?_ |�i �**LU@|�L? Lu w�|�}@|�L? �Lt|tc� +��# aL�h?@* Lu ,UL?L4�Utc

�. E�bHS�c DD.�DSS�

+�5,��,+Bc #�VW# ��# 5A,V,� 5O�V,wwc R� �L_i* �? `��U�

*@�t��|t �hi �hL�}�| uLh A�i�h ���t@?Ui V@*�ic� W?|ih?@|�L?@* +i��i� Lu

w@� @?_ ,UL?L4�Utc D E�bHD�c �����

+N�W�6,w#c #��W,w ��##�VW# 5���W�BA��c R,�U�i?| ��@h_t

@?_ 5|@?_@h_t Lu �hLLu �? a�_�U�@* �hLUii_�?}tc� +��# aL�h?@* Lu ,UL�

?L4�Utc �H E�bH.�c �fH���D�

5���c W+,�,c R+i4�||�|�h �h@U|�Ui �? |�i 6i_ih@* �L�h|tc� E?L|i�

�L*�4M�@ w@� +i��i�c .S E�b.S�c 2bb��2D�

5�+�AOc �O�+�Ac RN?Uih|@�? w�|�}@|�L? @?_ w�@M�*�|) W?t�h@?Uic�

+@?_ aL�h?@* Lu ,UL?L4�Utc 22 E�bb��c 2�H�2���

5�O�,6,+c ,w�,+c RN?Uih|@�?|) @?_ |�i w@� Lu #@4@}itc� `�**�@4

@?_ �@h) w@� +i��i�c �b E�b.H�c .�b�.Sb�

5O��w,vc �W�O�,wc RA�i #�t|h�M�|�L? Lu �Lt||h�@* �_��t|4i?|t |L

a�h) ��@h_tc� aL�h?@* Lu wi}@* 5|�_�itc 2f E�bb��c eS��eH��

5�,W5,+c 5AN�+Ac �O�+w,5 k+�N5,c ��# �w6+,#B��5c A�i

�4ih�U@? w@� Lu ALh|tc +LU�it|ihc �vG A�i w@�)iht �L��Tih@|��i ��M*�t��

�S



�?} �L�c VL*�4i 2c �bHD�

AO���5c +��,+Ac RA�i Ah�@* 5i*iU|�L? O)TL|�it�tc a�_�U�@* ,hhLhc

@?_ w�|�}@|�L? , Ti?_�|�hitc� �Lh!�?} T@Tihc N� Lu 6*Lh�_@c a�?i �bbe�

ANww��kc B�+#��c R�L�h| ,hhLhtc� ,�hLTi@? aL�h?@* Lu w@� @?_

,UL?L4�Utc � E�bbe�c b� 2��

N�WA,# 5A�A,5 5,�A,��W�B ����W55W��c 6i_ih@* 5i?|i?U�?}

B��_i*�?it �@?�@*c �bb� ,_�|�L?c 5|� �@�*c ��??itL|@G ìt| ��M*�t��?}
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